In this study, the tractive rolling contact problem between a rigid cylinder and a graded coating is investigated. The main objective of this study is to investigate the effect of the stiffness ratio, the coefficient of friction and the coating thickness on the surface contact tractions, the surface in-plane stress, the stick zone length and the creep ratio parameter that may have a bearing on the fatigue life of the component. Assuming that the shear modulus varies exponentially through the thickness of the coating, the governing integral equations associated with the rolling contact problem are constructed. Furthermore, it is supposed that the contact patch is controlled by a central stick zone accompanied by two slip zones. The conventional Goodman approximation is employed in order to decouple the governing singular integral equations. Finally, the numerical solution of the integral equations is obtained by applying the Gauss-Chebyshev integration method.
Introduction
Although coatings are extensively used to enhance and modify the surface properties of engineering materials and components, conventional homogeneous coatings are still susceptible to creep, oxidation and disintegration under severe load and temperature conditions. Thus, achievement of the precise design goals demands advanced materials which can withstand severe stresses, high temperature gradients conditions and/or abrasive environments. Functionally graded materials (FGMs), with continuously varying elastic properties invite for higher efficiency, decrease the fuel consumption, increase the life time and have many other advantages. Gradual variation of the elastic properties in FGMs enables elimination or reduction of the elastic mismatch at the interface between the coating and the substrate. As a consequence, the reduction in the residual stress level, improvement of the bonding strength, and the crack stabilization are achieved at the interface. One of the most important applications of the coatings is load transfer components (i.e. tribological systems). Most of these components are deformable solids used for load transfer in the presence of friction. Generally contact mechanics applications of FGMs can be classified in three groups: (i) load transfer parts such as: bearings, gears, cams and machining tools; (ii) resistive component against wear like clutches and cylinder linings; (iii) abradable seals for gas turbines (Guler and Erdogan, 2004) .
Due to their practical applications several studies have been done to monitor the behavior of the FGM coatings under various loading conditions. The technical literature on the contact mechanics studies of FGM coatings is quite extensive. For example, stress analysis for a non-homogeneous substrate under point and axisymmetric load conditions was studied by Giannakopoulos and Suresh (1997a,b) . They assumed exponential and power law functions for the variation of the elastic modulus through the half-plane. Giannakopoulos and Pallot (2000) investigated the 2D contact problems under normal, sliding and rolling loading conditions. Contact mechanics of FGM coatings with exponentially varying elastic modulus was extensively investigated by Guler and Erdogan (2004 , 2006 , 2007 . They studied the contact problems of several indenter geometries as well as two deformable elastic solids. Guler (2008) studied the behavior of an exponentially graded substrate bonded to a thin film under interfacial residual stresses and investigated the effect of material inhomogeneity parameter on the mode II stress intensity factor. Dag and Erdogan (2002) analyzed the fracture mechanics of FGMs under frictional contact of a rigid indenter assuming an exponential variation for the elastic modulus. They studied the coupled contact and crack problem and derived the associated integral equations.
There are also few studies about the partial slip and fretting contact of graded materials. Recently, Ke and Wang (2007a,b) utilized a linear multi-layered approach to model the FGM coating and solved the uncoupled as well as coupled partial slip contact problem of a cylindrical punch. According to their study, modeling of the FGM coating with four or six layers give rise to sufficient convergence in the solution of the contact mechanics problems. Moreover, they demonstrated that the uncoupled problem yields a good approximation for the coupled solution. Elloumi et al. (2008 Elloumi et al. ( , 2010 contact problem of a rigid indenter on an FGM substrate. First, they developed the uncoupled solution by applying the Goodman approximation, i.e. neglecting the effect of tangential traction on the normal pressure. Then, they found the coupled solution for the surface contact tractions and investigated the coupling effect. According to their results, there is no significant difference between the coupled and uncoupled solution for small values of the coefficient of friction. Ke and Wang (2010) also investigated the partial slip contact problem of two FGM coating/substrate systems by employing the Goodman approximation. The stress analysis showed that the FGM coating reduces the interface stress concentration arisen due to the elastic constant mismatch.
Rolling contact takes place in a wide variety of tribo-components whenever two elastic bodies roll over each other. For example in the automotive components, the engine cams and the parts of the transmission group experience rolling motion. On the other hand, the automotive industry demands new materials that can operate at higher speeds and as well as at higher stresses. Generally, there are three ways for achieving an optimum tribological system: lubrication, design and materials. Thus, analysis of new materials such as FGMs under rolling contact condition is highly urged by the automotive industry. Also, the rolling contact fatigue is a critical issue for highly stressed rolling components. The low carbon steel alloys are greatly affected by rolling contact fatigue phenomenon while harder materials serve much better. Hence, extensive studies should be carried out for hard materials subjected to various rolling loading conditions. For example, design of continuously variable transmissions (CVT) which is fully engaged with rolling contact problem is a high tech application of FGMs in automotive industry (Enomoto and Yamamoto, 1998) . And also, the rolling contact problem is the central part for examining the dynamic and vibration responses of the railroad vehicles.
The rolling contact problem for homogeneous materials has been examined in several studies (Bentall and Johnson, 1967; Kalker, 1971a,b; Nowell and Hills, 1988) . However, few studies have dealt with the rolling contact problem involving graded materials. By superposing the effect of stick zone on the full slip solution. Giannakopoulos and Pallot (2000) solved a special rolling contact problem in which the shear modulus of the substrate was assumed to be a power-law. In addition, Chudzikiewicz and Myslinski (2011) solved the thermoelastic contact problem of a graded coating bonded to an elastic strip. They formulated the problem based on the quasistatic approach and applied the finite element method to obtain the displacement components within the FGM coating. Since they expressed the surface tangential traction in terms of the surface contact pressure a priori, the main focus of their study was finding the surface contact pressure and temperature distribution. In this paper, the rolling contact problem of an FGM coating/substrate system is analyzed in detail. A rigid cylinder rolls over the surface of the graded coating with a constant velocity. The material property gradation is taken to be exponentially varying in the FGM coating. The mathematical modeling of the rolling contact problems leads to a system of two coupled Cauchy singular integral equations relating the surface displacement gradients to the surface contact tractions. Invoking GaussChebyshev numerical method, the singular integral equations are transformed to a system of algebraic equations. The non-linear system of equations is solved by employing an iterative scheme which renders the surface contact tractions as well as the stick/slip transition points and the creep ratio. The main objective of the present study may therefore be stated as the investigation of the effect of material property grading on the surface tangential traction distribution and the surface in-plane stress variation. An extensive sensitivity analysis is also carried out to assess the effect of Nomenclature A j , B j unknown constants of the series expansions a contact half length b 1 , b 2 stick zone boundaries in the physical coordinate system c 1 , c 2 stick zone boundaries in the transformed coordinate system e eccentricity of the surface normal traction F(r) bounded function of non-dimensional surface normal traction G(z) bounded function of non-dimensional surface tangential traction perturbation f(x) relative surface normal displacement gradient g(x)
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surface tangential traction perturbation in (x, y) coordinateq The geometry of the plane rolling contact problem is depicted in Fig. 1a . Medium 1 is the graded coating with a thickness h which is subjected to the tractive rolling of a rigid cylinder of radius R and medium 2 is a homogeneous substrate. Cylinder rolls over the surface of the graded coating with a constant velocity, V, in the negative x direction. It is assumed that the elastic modulus of the FGM coating varies exponentially through the thickness whereas the Poisson's ratio is retained as a constant. Moreover, it is supposed that the FGM coating and the homogeneous substrate are perfectly bonded to each other. The shear modulus of the homogeneous substrate is constant and represented by l 2 whereas the shear modulus of the FGM coating, l(y) is modeled exponentially such that (see Fig. 1a ):
where the inhomogeneity parameter is represented by ch = Àln (C).
We define:
where C is known as the stiffness ratio and plays an important role in the stress state as well as in the material architecture. It is also assumed that the value of the Poisson's ratio, m, is the same for both the coating and the substrate. The majority of the contact mechanics problems are mixed boundary-value problems due to the fact that the surface displacement gradients are specified inside the contact zone while the tractions are specified in the remainder. It can be shown that the governing equations associated with the contact problem of a graded coating/substrate system are of the following form (Guler and Erdogan, 2004 , 2006 , 2007 :
where the functions k ij (t, x), i = 3, 4; j = 1, 2, are the Fredholm kernels (originally developed by Guler (2001) 
Note that u(x, y) and v(x,y) are the displacement components within the coating in x and y directions, respectively, j is the Kolosov's constant and is equal to 3 À 4m for plane strain conditions. Eqs. rðxÞ ¼ r yy ðx; 0Þ ¼ ÀpðxÞ; Àa < x < a;
sðxÞ ¼ r xy ðx; 0Þ ¼ qðxÞ; Àa < x < a; where p(x) and q(x) are the surface normal and tangential tractions, respectively.
It should be noted that the function v(x,0) is taken as the stamp profile and the form of the function u(x, 0) is dependent on the type of the problem (the partial slip or the rolling contact) as well as the stamp profile. Note that in a sliding contact problem, the only unknown function is p(x), since q(x) is related to the p(x) by the Coulomb friction law (Guler and Erdogan, 2007) . However in a rolling contact problem, the system of integral Eqs. (3) and (4) should be solved for finding both p(x) and q(x), which are the main unknowns of the problem. Also, in this study Coulomb friction law is used and it is assumed that the coefficient of friction, g, remains constant.
Formulation of the rolling contact problem for the FGM coating
Due to the nature of the rolling contact problem, some slip zones can be observed in addition to the stick zone within the contact patch. In this study, it is assumed that a central stick zone is accompanied with two slip zones of the same sign (see Fig. 1b ). Generally, it should be noted that the slip/stick regime controlling the contact zone may alter depending on the physical parameters of the problem. These are the relative stiffness of the contacting bodies (b/g), the sign and the magnitude of the ratio of the external loads (Q ⁄ = Q/gP). The other possible stick/slip regimes could be: a stick zone with two slip zones of the opposite sign, a stick zone with three slip zones and two stick zones with three slip zones. However, if the contacting bodies are elastically similar then the stick/slip regime reduces to a stick zone and a single slip zone (Hills et al., 1993) .
For steady rolling, the relative tangential slip velocity of the particles within the contact zone can be expressed as (Johnson, 1985; Hills et al., 1993) :
where f is known as the creep ratio; V is the rolling velocity in x direction and v s is the relative tangential slip velocity. On the other hand, the surface particles adhere within the stick zone and hence the slip velocity should be zero. Thus:
In addition, the following relations hold inside the contact zone:
Furthermore, the direction of the surface tangential traction, q(x), should oppose the direction of the particles slip (Nowell and Hills, 1988) . Thus:
Now, it is assumed that the surface tangential traction, q(x), takes the following form:
qðxÞ ¼ ÀgpðxÞ; Àa < x < b 1 and b 2 < x < a;
where q ⁄ (x) is an unknown perturbation on the fully sliding solution, i.e. q(x) = Àgp(x).
Finally, the surface displacement gradients in the contact zone can be expressed as:
where R is the radius of cylinder and e is known as the eccentricity of the surface normal traction. It should be noted that the contact half length, a, the eccentricity, e, and the creep ratio, f, are unknown at this stage. Determination of the mentioned parameters requires an iterative method which is discussed in the Section 3. It can be seen that the integral Eqs. (3) and (4) are coupled and hence the full solution of these coupled singular integral equations is rather complicated. A satisfactory first approximation is achieved by decoupling them through conventional Goodman approximation, i.e., the contribution coming from the tangential traction terms in Eq. (3) is neglected (Hills et al., 1993) . Thus, using the Goodman approximation and substituting Eqs. (9), (10) and (16)- (18) into Eqs. (3) and (4) yields the integral equations relating the surface displacement gradients to the surface tractions p(x) and q ⁄ (x):
where Eqs. (19) and (20) are the governing integral equations associated with the rolling contact mechanics of an FGM coating/substrate system. Besides, the surface normal and tangential tractions, i.e. p(x) and q(x), have to satisfy the following equilibrium conditions:
where P and Q are the external loads in the vertical and the horizontal directions, respectively. Generally speaking, solving Eqs. (19) and (20) in accompany with Eqs. (21) and (22) renders the unknowns of the problem, namely, the surface normal traction and tangential traction perturbation, i.e. p(x) and q ⁄ (x), contact zone parameters, i.e. a, e, b 1 , b 2 and the creep ratio, f.
Solution of the integral equations

On the numerical solution of the Cauchy singular integral equation
Suppose that the function U(h) satisfies the following singular integral equation:
where U(h) is the unknown function and W(#) is the given function. If U(h) is bounded at h = ±1 then one may write:
where X(h) is a bounded function at h = ±1, n j 's are the unknown constants, U j (Á) is the Chebyshev polynomial of the second kind of the jth order and l 1 is the upper limit of the series. Now, it can be shown (Erdogan and Gupta, 1972; Erdogan et al., 1973; Krenk, 1975a,b) that Eq. (23) takes the following discrete form:
where l 2 > l 1 and:
Now, solving the system of algebraic equation (26) renders the value of the unknown function X(h) at discrete points h j , j = 1,2,. . . , l 2 and substituting back into Eq. (24) delivers the values of objective function, i.e. U(h), at discrete points h j , j = 1,2,. . ., l 2 . However, sometimes it is necessary to find the values of X(h), or equivalently U(h), at some points rather than the discrete points h j , j = 1,2,. . . , l 2 given by Eq. (27a). Thus, selecting l 2 = l 1 + 1, one may have (Krenk, 1975a) :
Substituting Eq. (28a) back into Eq. (25), the function X(h), or equivalently U(h), can be found at any point À1 < h < 1. In addition, the values of X(±1) are given as:
Xð1Þ '
XðÀ1Þ '
where h i , i = 1,2,. . ., l 1 + 1 is given in Eq. (28b). The method described above is known as the Gauss-Chebyshev numerical integration method. In the mentioned method, first the value of the unknown function X(h) is found at discrete points through solving the system of algebraic Eq. (26) regardless of the unknown constants n j , j = 1,2,. . . , l 1 . In the second step, the unknown constants n j , j = 1,2,. . . , l 1 are found through Eq. (28a).
Discretization of the governing equations
First, we transform the physical coordinate x by defining the following change of variables (see Fig. 1c for more detail): 
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; À1 6 z 6 1; ð30cÞ
and:
Note that the variables z and k are defined only over the [À1, 1] as given in Eqs. (30c) and (30d). Also, let us introduce the following non-dimensional quantities:
pðxÞ ¼ ðP=aÞpðrÞ; À1 < r < 1; ð31aÞ qðxÞ ¼ ðgP=aÞqðrÞ; À1 < r < 1; ð31bÞ q Ã ðxÞ ¼ ðgP=aÞq Ã ðrÞ; c 1 6 r 6 c 2 ; ð31cÞ k ij ðx; tÞ ¼ ð1=aÞk ij ðs; rÞ; i ¼ 3; 4; j ¼ 1; 2; À1 6 ðs; rÞ 6 1: ð31dÞ
Applying Eqs. (30a)-(30d) and (31a)-(31d) on Eqs. (19)- (22), after rearranging yields:
Àk 31 ðs; rÞ
whereâ ¼ a=R; b P ¼ P=ðl 0 RÞ; Q Ã ¼ Q =gP and the following relations are defined: 
Likewise, in order to verify Eq. (15), the tangential displacement gradient, @u(r,0)/@r, within the slip zones has to be determined (see Eq. (18)). Thus, for the slip zones, one may use the nondimensional form of Eq. (4) as:
Now, applying the method presented in Section 3.1, the governing equations associated with rolling contact problem of graded coating are discretized here. Since the surface normal traction, pðsÞ, and tangential traction perturbation,q Ã ðkÞ, are bounded at both ends, i.e. s = ±1 and k = ±1 respectively, these two functions may be expressed as:
A j U j ðsÞ; À1 6 s 6 1; ð43Þ
where A j , B j are the unknown constants of the Chebyshev expansions and U j (Á) is the Chebyshev polynomial of the second kind. Inserting Eqs. (41) and (42) into Eqs. (32)- (35) yields: Table 1 Sensitivity analysis for the variation of the slip to stick transition point ( Table 2 Sensitivity analysis for the variation of the stick to slip transition point (x = b 2 ), Q ⁄ = Q/ gP, b/g = À2.88, m = 0.3, a/h = 0.5, R/h = 100. 
where
After solving system of algebraic equations (45) and (46), the unknown constants A j and B j can be found as:
where s k and k l are given by Eqs. (49) and (50), respectively. Likewise, Eq. (39) can be rewritten as:
where k l is given by Eq. (50). Here, it is appropriate to remark that the discretized form of the governing equations of the rolling contact problem, Eqs. (45)- (48), has m + n + 5 unknowns including: F(s k ), (k = 1,2,. . . , n); G(k l ) (l = 1,2,. . ., m); the contact length a; the eccentricity e (expected to Fig. 3 . Flow chart of the numerical algorithm and the iterative process (w indicates the index of the iteration process, the value of Dc 1 and Dc 2 may be positive or negative based on the sensitivity analysis).
be zero because of the Goodman approximation); the stick zone boundaries b 1 , b 2 and the creep ratio f. On the other hand, available equations consist of: n + 1 equations from Eq. (45); m + 1 equations from Eq. (46) and the equilibrium equations (47) and (48). Thus, we have a total of m + n + 4 equations and m + n + 5 unknowns. The remaining one unknown can be found through an iterative scheme which is explained in the next subsection. Also it should be reminded that the rolling contact problem can be solved in two different ways. In the first method, on may fix the value of the external load P and the contact half length a can be found by solving Eqs. (45) and (47). The second approach is fixing the value of the contact half length a, and solving Eqs. (45) and (47) to find the corresponding value of P. The later approach is used in this paper.
The numerical algorithm and the convergence criteria
The auxiliary conditions given in Eqs. (13) and (15) are necessary for achieving a fully consistent solution. These equations have general forms which are suitable for variational approach. The rolling contact problem can be converted to an optimization problem by constructing a variational formulation (see Kalker, 1971a) . In the variational approach, stick/slip composition of the contact zone is unknown beforehand. In this case, Eqs. (13) and (15) are used as the constraints of the optimization problem.
On the other hand, the stick/slip composition controlling the contact zone is predefined in the integral equation approach established by Nowell and Hills (1988) which is also used in this study. Therefore, it is assumed that a central stick zone is accompanied with two slip zones of the same sign. Since the slip to stick (at x = b 1 ) and stick to slip (at x = b 2 ) transition points are unknown a priori, they should be determined according to an alternative approach proposed in this study for satisfying the auxiliary conditions, Eqs. (13) and (15), which renders the transition points b 1 and b 2 .
In their paper, Nowell and Hills (1988) explained that the continuity condition of the surface strain, e xx , as the particles pass into the stick zone leads to the smooth change in shear traction at the transition point from slip to stick region (i.e. x = b 1 ). Also Dundurs and Comninou (1979) reported the boundedness and continuity of the surface tractions r(x) and s(x) at the transition point from slip 
(f) (e) Fig. 4 . Distribution of the surface normal and in-plane stresses for the frictional contact problem of a cylindrical punch; the solid curves present Guler and Erdogan (2007) and the symbols present the proposed solution (m = 0.3, a/h = 0.5, R/h = 100).
to stick region. Thus, one may conclude that the following relation must hold:
Note that at the end of the stick zone, x ¼ b 
Since the function p(x) is continuous at x = b 1 , it is clear to see that: 
Using Eqs. (57) and (58):
It can be observed that as z tends to À1, the first term on the left hand side of Eq. (59) goes identically to zero since the function a, expressed in terms of Chebyshev polynomial of the second kind (see Eq. (44)), has a finite derivative at z = À1. Hence, the second term on the left hand side of Eq. (59) has a finite value only if G(À1) = 0. It should be noted that enforcing G(À1) = 0 is the necessary condition for correctness of Eq. (59) which is achieved by sake of Eq. (44). Hence, both the necessary and the sufficient conditions are satisfied. It should be noted that the condition G(À1) = 0, is usually referred in solving contact problems such as partial slip and fretting contact considered in the literature (see for example Keer and Farris, 1987; Wang, 2007a,b, 2010) .
In the slip zones (Àa < x < b 1 or b 2 < x < a), the surface tangential traction, q(x), is proportional to the surface normal traction, p(x), which is a smooth function in a rolling contact problem. Therefore it does not change its sign within the slip zones. According to Eq.
(15), the surface tangential displacement gradient, @uðx;0Þ @x , should also not change its sign. Since the slope of surface tangential displacement gradient vanishes at x = b 1 , i.e. 
, then the values of two remaining parameters will be restricted. In other words, there is a unique value for the three parameters (b 1 , b 2 , Q ⁄ ) for a selected value of b/g otherwise the solution would be not consistent with Eq. (13) and/or (15). Hence, it is convenient to fix the value of Q ⁄ at some desired value (for example at À1 6 Q Ã 0 6 0Þ and try to find a pair of (b 1 , b 2 ) which gives the calculated value of Q ⁄ being equal to Q Ã 0 . Now, it is concluded that the convergence criteria in this study are: where
and Q Ã 0 is a selected constant in the range À1 6 Q Ã 0 6 0. Finally, it should be noted that Eq. (13) contributes indirectly in verifying the correctness of the solution. In other words, first a solution should be found such that it satisfies the (60) and (61) then the value of jq(x 0 )j Max , b 1 < x 0 < b 2 is found within the stick zone. Now, if jq(x 0 )j Max P gjp(x 0 )j then the solution is not consistent for the selected value of Q Ã 0 in the assumed regime. Before starting the numerical process, it is recommended to carry out a sensitivity analysis about the behavior of Eqs. (60) and (61) for small variations of b 1 and b 2 . The sensitivity analysis shows that increasing the value of b 1 /afor a constant value of b 2 /a, leads to an increase in the value of G(À1) while increasing the value of b 2 /a for a constant value of b 1 /a, reduces the absolute value of Q ⁄ (see Tables 1 and 2 ). Thus, it is appropriate to update the value of b 1 based on the variation of G(À1) and revise the value of b 2 regarding the changes of Q ⁄ . Based on the sensitivity analysis, a subroutine is written in MATHEMATICA to update the values of (b 1 , b 2 ) using a linear interpolation as the iteration proceeds which significantly reduces the program running time. A sample result for the iteration process is given in Table 3 . Also, Fig. 2c-f shows the variation of stick zone boundaries c 1 , c 2 and the convergence criteria G(À1) and
for the stiffness ratios, C = 1/7, 1, 7. Note that iterations continue until the convergence criteria are satisfied. Using MATHEMATICA program as a manipulator, the unknown quantities can be found by a numerical procedure outlined below (see Fig. 3 for the iterative scheme):
1. Solve the system of algebraic equation (45) along with Eq. (47) for Fðs k Þ ðk ¼ 1; 2; . . . ; nÞ; b P and e (which is expected to be zero in uncoupled problem). 2. Select a specific value for the ratio of the external loads,
, make an initial guess for the normalized stick zone boundaries, i.e. c 1 , c 2 , and construct an interpolation function for F(r) using Eqs. (43) and (51). 3. Insert the values of F(r) and b P into the system of Eq. (46) and find the values of G(k l ), (l = 1,2,. . . , m) as well as the value f. 4. Verify the convergence criteria given by Eqs. (60) and (61). If there is no violation then go to the next step otherwise update the value of c 1 and c 2 using the presented sensitivity analysis and start a new iteration from step 3. 5. Check Eq. (13), if satisfied then go to the next step otherwise exit and print ''there is no consistent solution with the assumed stick/slip regime for the selected value of
. Once a fully consistent solution is achieved, record the results and compute the surface normal traction,pðsÞ, and the tangential traction perturbation,q Ã ðkÞ, using Eqs. (41) and (42), respectively.
Finally, the surface stress components, r yy (x, 0), r xy (x, 0) as well as the in-plane stress component r xx (x, 0) are computed using the following relations:
r xy ðx;
r xx ðx;0Þ l 0
ðrÞ; c 1 6 r 6 c 2 ; b P a ðÀpðrÞþHðrÞÞ; À1 < r < c 1 or c 2 < r < 1; b P a HðrÞ; À1 < r 6 À1 or 1 6 r < 1; where
Àk 41 ðs; rÞ À 1 gk 42 ðs; rÞ
Note thatpðrÞ andqðrÞ are computed from Eqs. (41), (16) and (42).
Numerical results and discussion
An extensive parametric study has been carried out to examine the influence of several parameters on the mechanics of rolling contact for the graded coatings on a homogeneous substrate. Since there are several parameters affecting the stress distribution, only some fundamental descriptive results are presented below.
Verification of the results
There are two solutions in the literature that the results of the present study can be verified with. The first one is the full sliding contact problem of the graded coatings solved by Guler and Erdogan (2007) and the second one is the tractive rolling of dissimilar elastic homogeneous cylinder considered by Nowell and Hills (1988) . First, the frictionless as well as frictional sliding contact problem of a cylindrical punch on an FGM coating was considered. As shown in Fig. 4a-f , the results of the present study are in complete agreement with Guler and Erdogan's (2007) results. Next, the tractive rolling contact problem of a homogenous substrate was considered by letting the stiffness ratio as unity, i.e. C = 1. The distribution of the surface tangential traction, the stick zone boundaries and the creep ratio parameter was calculated for this problem and the results are shown in Fig. 5a -e for different values of b/g ratio. It can be seen that the results are in good agreement with Nowell and Hills (1988) . Note that, as the value of b/g increases, the stick zone shifts towards the leading edge of the contact zone. ing coating ðC > 1Þ, the distribution of the surface tangential traction, r xy ðx; 0Þ, is greater than the softening ðC < 1Þ one (Fig. 6a) .
Effect of material property grading on the surface stress distribution
Moreover, the effect of the stick zone perturbation, q Ã ðxÞ, on the sliding solution increases as the stiffness ratio decreases. That means, the rolling contact mechanics has a more pronounced effect on the stiffening coating in the stick zone. In addition, the surface in-plane stress, r xx ðx; 0Þ, usually has a peak at the trailing edge of the contact as shown in Fig. 6c . This is important in the fatigue life of the components experiencing the rolling contact. These tensile peaks can lead to crack initiation and ultimately failure of the components. The tensile peaks become smaller as the coating gets softer. Note that, the in-plane stress component is all compressive for the softening coating (see for example C ¼ 1=7 in Fig. 6c ). The effect of stiffness ratio, C, on the stick zone boundaries, c 1 , c 2 , can be seen in Fig. 6e ,f. The stick zone contracts and shift to the trailing edge of the contact zone as the coating softens in the thickness direction.
Effect of b/g on the behavior of tangential displacement gradient
A general trend of the tangential displacement gradient, @uðx; 0Þ=@x, can be seen in Fig. 7a . Since the relative tangential slip velocity, v s , is zero in the stick zone, @uðx; 0Þ=@x becomes equal to the creep ratio (see Eq. (11)). It can be observed that @uðx; 0Þ=@x is constant in Fig. 7b-d within the stick zone. In the iteration procedure, this quantity is subtracted from the creep ratio, f, and the resultant must have the opposite sign with the tangential traction, q(x), inside the slip zones (see Eq. (15)). Variation of the tangential displacement gradient is given in Fig. 7b-d for various values of b/ g. It can be seen that the displacement gradient increases as the stiffness ratio increases. This behavior arises due to fact that the particles are more constraint to move laterally for a stiffening coating and the opposite is true for the softening coating. Likewise, as the value of b/g increases then the tangential displacement gradient decreases because increasing the coefficient of friction restricts relative slip velocity of the particles within the slip zones.
Stick/slip zone maps for the graded coatings
Variations of the stick zone boundaries in the contact patch and the creep ratio parameter, f ⁄ , versus Q/gP are depicted in Fig. 8a-f . Generally speaking, the stick zone expands over the contact area as the stiffness ratio, C, increases. Moreover, the leading edge slip 
(f) (e) Fig. 9 . Effect of the coefficient of friction on the surface tangential and in-plane stresses for different values of stiffness ratio (m = 0.3, a/h = 0.5, R/h = 100, Q/gP = À0.75).
zone vanishes as the value of b/g increases. When the magnitude of jQ/gPj decreases the stick zone gets bigger since a small value of shear traction should be transmitted through the slip zones. This can be observed from Eq. (35) that when the vertical external load, P, acting on the cylinder is fixed and the tangential external load, Q, made smaller, the value of the integral on the left hand side of Eq. (35) must get bigger. This explains the expansion of the stick zone and contraction of slip zones for lower values of jQ/gPj. The creep ratio parameter is given for various values of the stiffness ratio (Fig. 8b, d, f) . As shown, the creep ratio for the softening coating is less than that of the homogeneous material while it is opposite for the stiffening one. This creepage generates tangential creep forces which play a fundamental role in the dynamics, steering and stability behavior of the railroad vehicles (Shabana et al., 2008) . On the other hand, for a graded material the creep ratio significantly differs from a homogeneous material, thus, appropriate values of the creep ratio may be achieved by adjusting the stiffness ratio in the graded coating. In addition, the effect of stiffness ratio on the creep ratio reduces as the value of b/g increases.
4
.5. Effect of the coefficient of friction on the contact stress distributions and the stick zone boundaries ⁄ (x), increases as the coefficient of friction increases because of the intensified frictional forces within the stick zone. Fig. 9b, d , e demonstrates the variation of the surface in-plane stresses for different values of the coefficient of friction g. It can be seen that as the value of g increases, the in-plane stress, r xx ðx; 0Þ, becomes more compressive within the leading edge slip zone and increases within the trailing edge slip zone. Furthermore, the in-plane stress is tensile at the trailing edge slip zone and is elevated sharply at the trailing edge point of the contact zone, x = a. When the value of the coefficient of friction increases, the value of the tensile peak observed at the trailing edge of the contact increases. A remarkable point is that the tensile peak can be alleviated by reducing the stiffness ratio. Thus, allowable limits of the in-plane stresses are attained by adjusting the stiffness ratio and the coefficient of friction. Variation of the stick zone boundaries versus coefficient of friction is given by Fig. 10a-d . Generally, the stick zone moves towards the leading edge of contact as the values of g increases. As stated earlier, for the large values of g the leading edge slip zone vanishes. On the other hand, since the net integral of the surface tangential traction (Eq. (22)) must be equal to Q/gP then the trailing edge slip zone will expand over the contact area to compensate this difference. Hence the value of b 2 /R decreases as the coefficient of friction increases.
4.6. Effect of the thickness of the coating on the contact stress distributions and the stick zone boundaries
The effect of the coating thickness, h, on the rolling contact stresses was investigated through Fig. 11a-f keeping m ¼ 0:3; b=g ¼ À1; a=R ¼ 0:005; Q =gP ¼ À0:75. It can be seen that as the value of a/h increases, the surface tangential tractions decrease for the softening coating, C ¼ 1=7, while increases for the stiffening one, C ¼ 7, at a constant value of Q/gP. The surface in-plane stresses become more compressive for the stiffening coating as the value of a/h increases. However, the surface in-plane stress at the trailing edge remains tensile. On the other hand, for a softening coating the surface in-plane stress at the contact trailing edge increases as the value of a/h increases. In fact, for small values of the coating thickness (i.e. large values of a/h), one cannot get the full benefit of using the graded coating on the stress field. Variation of the stick zone boundaries are shown in Fig. 11e ,f. When the coating thickness is too large (i.e. small values of a/h) then the stress field does not sense the effect of material inhomogeneity; hence the stick zone boundaries approach to the corresponding values for the homogenous materials. 
Interface response regime map for graded material
As stated earlier, a central stick zone with two slip zones of the same sign is considered for modeling the rolling contact problem. On the other hand, the mentioned regime is admissible for a specific range of Q/gP as well as material dissimilarity parameter b/g and the coating thickness. The interface response of the rolling contact problem is given by Figs. 12 and 13. It can be seen that the admissible range of Q/gP increases with an increase in the stiffness ratio (Fig. 12) . Also, the admissible area reduces by decreasing the value of b/g. In addition, the admissible area increases for the stiffening coating as the coating thickness reduced. However, it is opposite for the softening coating (see Fig. 13 ). For the small values of a/h, the admissible value of Q/gP approaches to the value that a homogeneous material would have since the effect of the material inhomogeneity diminishes.
Concluding remarks
The rolling contact problem of an exponentially graded coating was analyzed in this paper. Singular integral equation approach was employed for constructing the mathematical model of the rolling problem. The coupling effect of tangential traction was eliminated by adapting the Goodman approximation. Then, the associated governing equations were discretized by applying the Gauss-Chebyshev integration method leading to a system of algebraic equations. Finally, the resultant system of algebraic equations is solved using an iterative procedure. The parametric study was done to investigate the effect of stiffness and the coefficient of friction on the surface contact stresses as well as the creep ratio parameter. According to the results, the following remarks can be inferred:
The stick zone disturbance on the full sliding solution increases as the stiffness ratio decreases. Moreover, the softening coating will give rise to a fully compressive surface in-plane stress, r xx ðx; 0Þ, which plays an important role in rolling contact fatigue analysis. For a stiffening coating the surface particles are more constraint to move laterally and hence the leading edge slip zone diminishes as the value of stiffness ratio increases. Furthermore, the stick zone dominates the contact patch as the value of b/g increases. The creep ratio parameter, f ⁄ , for the softening coating is less than the homogenous material. The opposite is observed for the stiffening coating. On the other hand, the creep ratio directly affects the creep forces, thus, the dynamic stability response of the railroad vehicles can be modified through adjusting the elastic gradient of the graded coating. Increasing the coefficient of friction significantly alters the tangential traction within the stick zone and subsequent behavior of the in-plane stress at the contact trailing edge. Moreover, reducing the stiffness ratio can relieve the tensile peak of in-plane stress observed at trailing edge of the contact (see Fig. 9 ) Generally, for each value of stiffness ratio there is a specific value for the thickness of the coating such that the stress state remains at an allowable level. Reducing the coating thickness has a destructive effect on the softening coatings in contrary to the stiffening ones.
There are three parameters, namely C, b/g and a/h, which have an influence on the admissible range of Q/gP for achieving a fully consistent solution. The admissible range of Q/gP reduces as the value of b/g decreases. Additionally, the admissible value of Q/gP increases as the value of C increases. Finally, decreasing the coating thickness increases the admissible value of Q/gP for the stiffening coating and reduces for the softening one.
